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ABSTRACT 
In this paper, we study the lasing modes of a periodic open optical resonator. The resonator is an infinite chain of 
active circular cylindrical quantum wires standing in free space. Characteristic equations for the frequencies and 
associated linear thresholds of lasing are derived. These quantities are considered as eigenvalues of specific 
electromagnetic-field problem with “active” imaginary part of the cylinder material’s refractive index - Lasing 
Eigenvalue Problem (LEP).  
Keywords: eigenproblem, laser, microcavity, quantum wire, threshold, Floquet series. 
1. INTRODUCTION 
Today’s technologies enable manufacturing of advanced light-emitting devices based on single or multiple 
quantum wires embedded in epitaxially grown semiconductor microcavities [1,2]. Advantages of quantum wires 
with respect to quantum wells include their better thermal stability, lower chemical reactivity, and higher 
mechanical strength. Besides, patterned and periodically etched layered structures offer new functionalities if 
used in the distributed Bragg reflectors due to their potential of the lateral light confinement. 
2.  PROBLEM FORMULATION 
The considered resonator consists of the parallel to the z-axis and periodic along the x-axis circular cylinders – 
see Fig. 1. The distance between cylinder centers is p  and their radii are a . Assuming that the electromagnetic 
field is time-harmonic ( i te ω−∼ ) and does not vary along the z-axis, we will study the LEP as a 2-D problem. 
Then two alternative polarizations, E and H, can be considered separately using the function, ( , )U x y , which 
will denote the zE  or 0 zZ H  component of the electromagnetic field, respectively. It should satisfy the 
Helmholtz equation with different coefficients: 2 2 2( ')k k ν= , where iν α γ= −  ( , 0α γ > ), inside each cylinder 
and 2k  outside. Here, α  is the refractive index and γ  is the material gain which appears in the presence of 
pumping – see [3] for detailed discussion of the LEP approach in the linear modelling of microcavity lasers. 
Note also that it had been applied in the earlier papers [4,5] to the threshold analysis in the 2-D circular 
microcavities and in [6] to the similar analysis of the 1-D VCSEL-type layered cavity containing an active 
region.  
The field components tangential to cylinder’s boundary must be continuous. Besides, U must satisfy the 
condition of the local power finiteness and the condition of radiation at infinity. Although the most general 
situation implies that the field functions within the adjacent elementary cells of the periodic cavity differ by 
a phase factor, i.e. ( , ) ( , ) i pU x p y U x y e β+ = , in the following treatment we will assume that 0β = . The task is 
to find non-zero solutions to the formulated homogeneous problem. 
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3. BASIC EQUATIONS 
The periodicity condition means that internal fields of cylinders are equal to each other, and the contributions to 
the external field generated by each of cylinders are the same. Hence, on introducing the local polar coordinates 
co-axially with each cylinder as ( , )s sr ϕ  and the global coordinates with the origin in the centre of the 0-th 
cylinder as ( , )r ϕ , we can use the partial separation of variables and write 
 int
( )
( , ) ( ) ,sins s s n n s s
n
U r c J k r e r aϕϕ ′ ′= <∑  (1) 
 (1),
( ) ( ) ( )
( , ) ( ) ( ) ,sinout outs s s n n s s
s s n
U r U r b H kr e r aϕϕ ϕ ′= = >∑ ∑∑  (2) 
where summations are performed from −∞  to +∞ . Note that expressions (1) and (2) satisfy the Helmholtz 
equation and the conditions of radiation and local power finiteness.  
The structure in Fig. 1 has two lines of symmetry, the x-axis and the y-axis. Therefore, one can separate the 
modes to independent symmetry families, to simplify the following analysis, in the same manner as it has been 
done in [7] for the LEP modes in two identical active circular cavities. Indeed, the field function symmetry or 
anti-symmetry across the x-axis can be imposed by the conditions 
 ( , ) ( , )s s s sU r U rϕ ϕ= ± − , (3) 
and the symmetry or anti-symmetry across the y-axis that is imposed by the conditions 
 ( , ) ( , )s s s sU r U rϕ π ϕ= ± − . (4) 
The following formulas show the obtained representations of the internal field, where the superscripts E and O 
indicate the symmetry and anti-symmetry across the x-axis and y-axis, respectively.  
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Similar representations are valid for the external field (2) as well, because of the same nature of the dependence 
of cylindrical functions on their argument’s sign.  
Simultaneously these symmetries can be represented via conditions on coefficients. They are: all odd 
coefficients must be zero for the second and third families of symmetry, and similarly all even ones have to 
vanish for the first and forth families. Additionally for the first and second families all coefficients with 
opposite-sign indices must differ in sign for the third and forth families.  
The series (2) for the external field is not convenient because of the presence of arguments expressed in 
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l
H k e H ksp J k eϕ ϕρ ρ−=∑ . (6) 
This leads to the representation that contains infinite sums of the Hankel functions:  
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where so-called lattice sums are 
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Note that if we fix the origin of the global coordinates (i.e., the 0-th cylinder centre) and increase period to 
infinity ( p → ∞ ), then all 0mnD = , and the coupled matrix equations (8) reduce to the well-known 
characteristic equation for one dielectric cylinder of the material with the wavenumber k ′  placed in the medium 
with the wavenumber k , 
 (1) (1)( , ) ( ) ( ) ( ) ( ) 0m m m m mF ka k J k a H ka kJ k a H kaν ′′ ′ ′ ′≡ − =  (10) 
Now it is easy to exclude the coefficients nc  from the equations (4) and (5) that leads to 
 
( )
0 [ ( ) ( ) ( ) ' ( )]m m m m m m n mn
n
F b kJ k a J ka k J k a J ka b D′ ′ ′ ′= − + − ∑  (11) 
On introducing new unknowns, { }m mx
∞
=−∞ , according to the formula 
 ( ) ( ' )m m m m mb x J ka F J k a= , (12) 
we obtain the final infinite-matrix equation: 
 .[ ( , ; , )] 0, { }mn m nI A X A Aκ γ ξ α
+∞
=−∞+ = =  (13) 
where , / ,ka p aκ ξ= =  and 
 ( , ; ) ( )mn mn mnA K Dκ γ α κξ= ,  
( , ) ( )
( , ; )







κ ν κκ γ α
κ ν κν
=  (14) 
 ( , ) ( ) ( ) ( ) ' ( )m m m m mV kJ J k J Jκ ν κν κ ν κν κ′= −  (15) 
This is the Fredholm second-kind matrix equation due to the rapid enough decrease of the matrix elements mnA  
if ,n m → ∞ . Therefore its determinant exists as a function of parameters, and the characteristic equation for the 
eigenvalues is 
 Det[ ( , ; , )] 0I A κ γ ξ α+ =  (16) 
The discussed above separation of the lasing modes to four symmetry families leads to the independent 
determinantal equations generated by the similar second-kind matrices having the following elements: 
 for the EE and EO modes:  (1) (1)
( )
( , ) ( ) ( 1) ( ) , , , , 0,1,...EJ pmn n mn m n m n
s
A K H s H s J E O m nμ κ γ κξ κξ+ −⎡ ⎤= ± + − = =⎣ ⎦∑ , (17) 
       for the OE and OO modes:  (1) (1)
( )
( , ) ( ) ( 1) ( ) , , , , 1, 2,...OJ pmn mn m n m n
s
A K H s H s J E O m nκ γ κξ κξ+ −⎡ ⎤= ± − − = =⎣ ⎦∑ , (18) 
where 0 01/ 2,  1pμ μ >= = .  
Note that in each family, the eigenvalues are located in the union of circles on the plane ( , )κ γ  defined by the 
expressions 
 2|1 ( , ; , ) | | ( , ; , ) |IJ IJmm mn
n m
A Aκ γ ξ α κ γ ξ α
≠
+ < ∑ , (0)1, 2,...m =  , , , ,I E O J O E= = . (19) 
This is the consequence of the Gershgorin theorem in the matrix eigenvalue theory [8]. 
Representation of the external field (2) in the form of series using the Hankel functions is slowly convergent; 
the way out is to rewrite the field in terms of the Floquet harmonics – see [9-13]. This is achieved by substituting 
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where 2 2(2 / )sg k s pπ= +  and the amplitudes of Floquet harmonics are 
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The modal symmetry or anti-symmetry across the x-axis effects enter into (22) via the corresponding parity 
properties of coefficients nb . 
4. CONCLUSIONS 
In this paper the mathematical approach to the LEP for an infinite periodic chain of active circular cylinders has 
been considered. Determinantal equations for the lasing modes of different symmetry classes have been derived 
based on the Fredholm second kind infinite-matrix equations. The field function representations in terms of the 
Floquet harmonics have been obtained for the space domains above and below the grid of cylinders. These 
results form the mathematical basis for building a numerical algorithm for the search of the LEP eigenvalues 
(frequencies and thresholds) of periodic chain of active circular cavities or quantum wires. 
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